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A RIGIDITY THEOREM FOR SMALL RESOLUTIONS 



MICHELE ROSSI 



Abstract. This paper presents a rigidity property of the exceptional locus of 
some kind of small birational contractions. An application in the context of 
geometric transitions and Calabi— Yau threefolds moduli space is then given, 
with some physical implication in studying the so-called Vacuum degeneracy 
problem. 
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The present paper shows a rigidity property of the exceptional locus of some kind 
of small birational contractions. More precisely if X — > X is a small resolution (see 
Definition 12. ip of a compact normal variety X with isolated rational singularities 
then, under some technical and rather restrictive hypothesis, the exceptional locus 
^^ | Exc(<^>) turns out to be rigid under global deformations of X. More generally the 

differential localization map T ~ — > H°(X, i? x 0*0^), induced by the Leray spectral 
sequence, can be controlled by means of a suitable factorization (see Theorem l2.4p . 



The main technical ingredient of the proof is the direct construction of maps in co- 
homology ip' : H m (Z, Qz) — > H'(X, &x), given a small, possibly partial, resolution 
Z 4 X (see Lemma |2~5]) . 

In the last section this result is applied in the context of geometric transitions and 
therefore in the study of Calabi- Yau threefolds moduli space, after [23]. Such an 
application turns out to be of some interest in physics, since geometric transitions 
connect topologically distinct models of Calabi- Yau vacua giving a sort of "unique- 
ness" for a space-time model of supersymmetric string theories (see e.g. [T] and 
references therein). 
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1. Preliminaries and notation 



In the following we will always work on the complex numbers field C. 
Let us recall some well known fact of deformation theory. 

Let X — > Bbca flat, surjective map of complex spaces such that B is connected 
and there exists a special point o £ B whose fibre X = f~ l (o) may be singular. 
Then X is called a deformation family of X. If the fibre X\, = f~ l {b) is smooth, 
for some b £ B, then X^ is called a smoothing of X. 

Let fix be the sheaf of holomorphic differential forms on X and consider the 
Lichtenbaum-Schlessinger cotangent sheaves [16 of X, <d l x = £x t % (fix, Ox)- 
Then & x — Horn (fix, Ox) ='■ &x is the "tangent" sheaf of X and Q x is sup- 
ported over Sing(X), for any i > 0. Consider the associated local and global defor- 
mation objects 

T x := H°(X, 9 l x ) , T x := Ext 4 (fl x ,O x ) , * = 0, 1, 2. 

Then by the local to global spectral sequence relating the global Ext and sheaf Ex t 
(see [9] and [6] II, 7.3.3) we get 

E™ = B? [X, Q q x ) =^> Y p + q 
giving that 

(1) T x ^T x ^H°(X,e x ) , 

(2) if X is smooth then !\ = H\X, Q x ) , 

(3) if X is Stein then T x = T x ■ 

Given a deformation family X — > B of X for each point b € B there is a well 
defined linear (and functorial) map 

D\jf : TbB s- T^ (Generalized Kodaira-Spencer map) 

(see e.g. [H| Theorem 5.1). Recall that X — > B is called 

• a versal deformation family of X if for any deformation family (y,X) — > 
(C, 0) of X there exists a map of pointed complex spaces h : (U, 0) — > (B, o), 
defined on a neighborhood e U C C, such that y\u is the pull-back of X 
by h i.e. 

y\u = ux h x — >x 



C* ?J7 ^B 

• an effective versal deformation family of X if it is versal and the general- 
ized Kodaira-Spencer map evaluated at o € B, D f : T B >■ T x is 

injective, 

• a universal family if it is versal and h is univocally defined in a neighborhood 

0e(/cC. 

Theorem 1.1 (Douady-Grauert-Palamodov [3], [7], [5D] and [3T] Theorems 5.4 and 

5.6). Every compact complex space X has an effective versal deformation X — > B 
which is a proper map and a versal deformation of each of its fibers. Moreover the 
germ of analytic space (B,o) is isomorphic to the germ of analytic space (g _1 (0),0), 
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where q : T^ — > T\ is a suitable holomorphic map (the obstruction map,) such that 
9(0) =0. 

In particular if q = (e.g. when T^ = 0) then (B, 6) turns out to be isomorphic 
to the germ of a neighborhood of the origin in T^ . 

Definition 1.2 (Kuranishi space and number). The germ of analytic space 

Def(X) := (B,o) 

as defined in Theorem 11.11 is called the Kuranishi space of X. The Kuranishi 

number dcf(A) of X is then the maximum dimension of irreducible components of 

Dcfpf). 

Dcf (X) is said to be unobstructed or smooth if the obstruction map q is the constant 

map q = 0. In this case def(X) = dimcT^. 

2. The main result 

Let us first of all recall what is intended for a small resolution of singularities. 

Definition 2.1 (Small resolution). A small (partial) resolution of singularities of 
a compact n-dimensional variety Z is a birational morphism ip : X — > Z which is 
a (partial) resolution of singularities and such that 

codimx(Exc(iy9)) > 2 , 

where Exc(<y9) represents the exceptional locus of ip. 

The following result is a first useful technical tool, obtained by a higher dimen- 
sional generalization of Freedman's techniques in [3] . 

Lemma 2.2. Let M — > V be a small, possibly partial, resolution of a normal 
compact n-dimensional variety V with rational isolated singularities. Let U p be a 
germ of complex space locally representing the singularity p <E V and set L p :— 
o-^iUp) C M. Then, by setting P := Sing(V), 

(1) T\ p S H 1 (L p ,Q Lp ) £ H° (U p ,R}o*Q Lv ) and H° (V,R l a^Q M ) turns out 
to be the tangent space to YipeP Def(L p ), 

(2) T\j = Ty and T v turns out to be the tangent space to Y\ veP Def (U p ) 

(3) the following commutative diagram with exact rows is well defined 

H^Qy) T^ -!U. H" (i?V*9 M ) -^* H 2 (@ v ) T 2 M 

*- H x {@v) *■ T v *- T v > H 2 (Q v ) ^ T v 

where Si,5i oc ,S 2 are maps induced by the resolution a and in particular <5i 
and di oc turn out to be injective. 

Proof. To prove (1) and (2) observe that L p is smooth and the local to global spec- 
tral sequence allows to conclude that T^ = H 1 (L p , Ol p ). Apply now the Leray 
spectral sequence for the cohomology of 0l , whose lower terms exact sequence 
gives 

^H 1 (R°a«e Lp ) ^H 1 (e Lp ) ^H° (i?V»e Lp ) ^H 2 (R°a*0 Lp ) 
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As a consequence of Hartogs' Theorem R°<t*Ol — ©(/ (see [4], Lemma (3.1)) and 
H l (Q Uv ) = 0, for i > 0, since U p is Stein. 

On the other hand the lower terms exact sequence of the local to global spectral 
sequence gives 

o — .^ (e^) — ^ — ^ — ^ (e Up ) 

and we can conclude as before. The complete statements (1) and (2) can now be 
obtained as an easy application of the local cohomology sequence 

(4) ^H° P {V, J") ^H a {V, F) ^H° (V*,T) *H}, (V, F) »~ • • 



where P := Sing(F), V* — V \P and T is given either by R}<j*Qm or by <d v = 
Ext 1 (fly, Oy) . Precisely, for T = R 1 ct*Om, by the Theorem on Formal Functions, 
we get 

(5) H^V^R^^m) = 

VpEP H a (U* p ,R l a*Q Lp ) = 

since ct|m\Exc(<t)i i s an isomorphism. Then 

E* {y,R l a*Q M ) = H%{V,R 1 a^ M ) 

peP 

pep peP 

where the first row is obtained by applying the first vanishing in ([5]), the second 
row is an application of the Excision Theorem ([TO] Prop. 1.2.2) and the last row 
is obtained by the second vanishing in ([5]) and the localization of ((4]) near to p. 
On the other hand, for JF = @ v , we get 

H°(V*,Q V ) = 

VpeP H°(u;,eh p ) = o 

since the sheaf Oy is supported on P = Sing(V). Then, as before, we get 
T V = H°{V,Q V ) = H P (V,Q V ) 

* ®H°(u„eh,) 

peP 

peP peP 

The diagram in statement (3) arises as follows. The upper exact row is the lower 
terms exact sequence of the Leray spectral sequence for the cohomology of ©m 
by recalling that ([2]) holds since M is smooth. The lower row is the lower terms 
exact sequence of the local to global spectral sequence converging to T v . Maps 
Si, 5i oc , 62 arise naturally, keeping in mind results (1) and (2), as differentials of the 
commutative localization diagram (I18[) , which can be rewritten in present notation 
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as follows 



Def(M) 



Def(V) 



■ Def (L p ) 



Def (Up) 



Notice that vertical maps are well defined since a is a small resolution of isolated 
rational singularities giving <j*Om = Oy and PJa^Ou — (see [15] Proposition 
(11.4)). About the injectivity of 8\ and <5; oc observe that if <5; oc is injective it is 
easy to prove that <5i is injective too. To prove that 8i oc is injective we will repeat 
here an argument of R. Friedmann (see [I] Proposition (2.1), (2)). Let us first of 
all recall the following result of M. Schlessinger (see [27] Theorem 2) 



(6) 

where U* := U p \ {p} . Set 



rt*H l {u;,& Up ) 



U* := MJ U p \ P and L* := |J L p \ 25 

\peP / \ P eP / 

where 25 := Exc(ct). Isomorphisms L* — ^-»- U* and ([5]) and statements (1) and 
(2), allow then to conclude that 

*v = ©r£ p Sff 1 (17* ) e I ,)e<j? 1 (L* > e i ) 

pep 

and 5; oc can then be obtained by the local cohomology exact sequence 

o — ^h% (l, e L ) — *h° (l, e L ) — ^h° (l*, e L ) 




E\ (L, e L ) ^H 1 (L, e L )^^ii 1 (L*, 6i)- 



Since codim L 25 > 2, Hartogs' Theorem gives H°(V,e L ) =* 22° (V" n L*, 6 L ) for 
any open subset Vcl. Then 



ker(5 ioc ) = H X B (L, 6 L ) = , 
whose vanishing can be deduced by [TU] Proposition 2.13. 

A second useful technical tool is the following 



□ 



Lemma 2.3. Let X be a normal compact n-dimensional variety with isolated ra- 
tional singularities and (p : Z — > X be a small (partial) resolution of X . Then Lp 
induces well defined maps in cohomology 

ip':H'(Z,& z )—+H*(X,@ x ) . 

Proof. Observe that Proposition II. 8. 11 in [TT] ensures the existence of a map of 
sheaves / : <p*£lx — > &z- Then, applying the contra- variant functor Hom( ■ , Oz), 
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we get a map / : <dz — > Hom(tp*Q x ,Oz)- For any open subset U C Z, call 
U := p^ 1 o tp(U). Then / induces the following map of 0z(E^)-modulcs: 

(7) e z (U) *Kom Oz0) (cp*n x (U),O z (U)) . 

Observe now that tp is an open map, since it is a resolution of singularities. Moreover 
X admits only terminal isolated singularities, giving tp*Oz = O x . Then 

(8) Hom 0z(S) (tp*n x (U),O z (U)) *Kom 0xMU)) (n x (tp(U)),O x (tp(U))) . 

Ultimately notice that the restriction map p^ : Q Z {U) — > ®z{U) is actually an 
isomorphism: it is injective since sections vanishing everywhere except over Exc(y) 
cannot be holomorphic and it is surjective by Hartogs Theorem and the hypothesis 
that ip is small. Combining the latter with ([7]) and © gives, for any open subset 
U C Z, the following map 

cpu : Q Z (U) Hom 0jcMt/)) (n x (<p(U)),O x (cp(U))) =: B x (tp(U)) 

By inductive limit one gets well defined maps on stalks 

Vze2 ip z : &z,z >- ®x,(p(z) 

To induce a map in cohomology, let us then consider canonical resolutions of Qz 
and @ x , respectively (see [6], II. 4. 3) 

o — > 0Z — ^@f — ^e z ] — >ef — - • • 



o — ^ 0x — ^o x ] — -ew — ^e x ] - 



where ©M is the sheaf of not necessarily continuous sections of ©I' l >, which is 



xeu 



for any open subset U in Z or X, i > and setting 0' ^ = 0. By applying the 
left exact functors of global sections we get then 

( 9 ) o — -r(z,© z ) *r(z,ef) — *t(zM z 



•pi 



f$ 



o — - r (x, q x ) — - r (x, e l x ] ) — - r (x, e l x ] 



where maps tp^s are defined stalk by stalk by observing that tp is surjective. Since 
every square in diagram (J9j) commutes there follow well defined maps in cohomology 
tp':H'(Z,e z )-^H'(X,e x ). D 

We are now in a position to prove our main result, which is the following 
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Theorem 2.4. Let X be a normal compact n -dimensional variety with isolated 
rational singularities and suppose there exists a commutative diagram 



(10) 



X 



X 





z 



of small (partial) non-trivial resolutions of X such that X is smooth and the natural 
morphism 



k: T 



i 
' x~ 



-^H°(Z,R^0^) , 



induced by the Leray spectral sequence, is surjective. Then the differential localiza- 
tion map 

A: T 1 - ^ff°(X,i2V*0x) 



x 



factorizes giving rise to the following commutative diagram 

(ii) tl ? — ^h^x^r^q^) 



HOfr&i.Qz) 



^ 1 X 



In particular, if Z admits only nodal singularities then A is necessarily the map 
meaning that the (small) exceptional locus Exc(0) turns out to be rigid under global 
deformations of X . 



Proof. Apply Lemma [2721 by setting M — X and either a — <f> or a — 7. Then there 
follow commutative diagrams 



(12) 



T^— i*iJ°(X,i?V.© 



XI 



T] ^^H (Z,R l ^Qz) 



^ 



^x 



T 1 
1 X 



T\ 



■T 1 



X 



Since Z — > X is a (partial) resolution, it is well defined a map Si : T l z >■ T 

as differential of a map between Kuranishi spaces (see [29] Theorem 1.4.(c) and [15] 
Proposition (11.4)) which fits in the following commutative diagram 



T 1 -^ 






x , 



■n 




T\ 
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Then we get a commutative diagram with exact rows 

(13) ^H 1 (e z )^^T 1 R ^^H°(R 1 1 ,e s ) 



if. 




+ H l {Q z 



^H l {@ 



where the first row is given by the Leray spectral sequence converging to H'(X, 6^), 
by recalling that i?°7*0^ = Qz (see [3] Lemma (3.1)), while the latter two are ob- 
tained by local to global spectral sequences. The vertical map ip 1 : H 1 (Z, Qz) — > 
ff^XjBj) is defined in the previous Lemma 12.31 The vertical map 5 is easily 
induced by the composition Si = Si o Sf as follows: since k is surjective, for any 
x e H° (i? 1 7*6jf) set S(x) := A o Sf(y), for y G ^{x). This is well defined 
since y, y' S k -1 (:e) give y — y' G Im(i). Then, by commutativity and exactness, 
$i(y) ~ $i W) = 3 ' °<f 1 (y — y') S ker(A). Recalling the first diagram in (TT2|) we can 
then conclude the existence of the commutative diagram (jlip . 
To prove the second part of the statement observe that if Sing(Z) is composed 
only by nodes then k is surjective since h°(Z, i? 1 7*0^) = (see [3] (3.5.1)). In 
particular, (fTTj) makes A = 0, since Si: is injective. D 



3. An example, some remarks and an application 

3.1. An example. Let us consider the previous result in the case of the fibred 
self-product of a particular rational elliptic surface with section Y — > P 1 , obtaining 
a local to global picture of an observation of Y.Namikawa ([TS] Remark 2.8). 

Let us first of all recall that a rational elliptic surface with sections is a rational 
surface Y admitting an elliptic fibrations over P 1 , r : Y — > P 1 , with distinguished 
section Co (notation as in [26] and [E]). If the generic fiber of r is smooth then Y 
admits a Weierstrass representation (see [13] Theorem 1, [17] Theorem 2.1, [12] §2.1 
and proof of prop. 2.1): in fact o^P 1 ) is a (— l)-curve in Y (see [T7] Proposition (2.3) 
and Corollary (2.4)) and there exist A e ^"(P 1 , O p i(4)) andV e ff (P\ P i(6)) 
such that Y is isomorphic to the closed subschema of the projectivized bundle 
P (Opi (3) © Opi (2) © (Dpi ) defined by the zero locus of the homomorphism 

(14) (A,B) : e>pi(3)©0 P i(2)©0 P i *- P i(6) 

(x,y,z) I * — x 2 z + y 3 + A yz 2 + B z 3 . 

The pair (A,B) (hence the homomorphism (|14[) ) is uniquely determined up to 
the transformation (A, B) *— > (c i A,c 6 B), c 6 C* and the discriminant form S := 
4 A 3 + 27 B 2 e F°(0 P i(12)) vanishes at a point A G P 1 if and only if the fiber 
Y\ := r _1 (A) is singular. In general the singular fibers are nodal and Sing(X) is 
composed by a finite number v = 12 of distinct nodes. 

Let us now consider the Y. Namikawa's example ([19], §0.1) of a Weierstrass 
fibration associated with the bundles homomorphism 

(15) (0,5) : £ = pl (3)ffi0 P i(2)ffi0pi *- pl (6) 

(x,y,z) l >■ -x 2 z + y 3 + B(X) z 3 
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i.e. its zero locus Y C ¥(£). The associated discriminant form is 6(X) = 275(A) 2 £ 
H°(Opi(12)) whose roots are precisely those of B 6 iJ°(0pi(6)). Hence, for a 
generic B, the rational elliptic surface Y — Y P 1 has smooth generic fiber and six 
distinct cuspidal fibers. Therefore the fiber product X :— Y Xpi Y is a threefold 
admitting 6 threefold cups whose local type is described by the germ of singularity 

(16) X 2 -U 2 -Y 3 + V 3 £C[X,Y,U,V] . 

In the standard Kodaira notation these are singularities of type II x 77 ([14j. 
Theorem 6.2). Namikawa proved the following 

Proposition 3.1 ( 19J §0.1). The cuspidal fiber product X = Y Xpi Y associated 
with the Weierstrass fibration Y , defined as the zero locus in ¥(£) of the bundles 
homomorphism U5\) , admits six small resolutions which are connected to each other 
by flops of (— 1, — l)-curves. The exceptional locus of any such resolution is given 
by six disjoint couples of (—1, —1) -curves intersecting in one point. 

Recall that a (— 1, — 1) -curve in X is a rational curve whose normal bundle is 
isomorphic to Opi(— 1) © 0pi(— 1). It arises precisely as exceptional locus of the 
resolution of an ordinary double point. In fact if <f> : X — > X is anyone of the six 
small resolutions given by the previous Proposition 13.11 then it factorizes like in 
diagram (|10p where <p : Z — > X is given by a partial nodal simultaneous resolution 
of the six cusps of X. Then h°(Z, i? 1 7*8^) = and applying the Theorem 12.41 we 
get the rigidity under global deformation of X of the six Ai trees of rational curves 
giving Exc ((f)). 

3.2. Some remarks. 

Remark 3.2. Observe that compactness hypothesis for X in the statement of The- 
orem 12.41 is necessary since the latter gives a rigidity property of Exc(0) under 
global deformations of the resolution X: locally Theorem 12.41 is not true as the 
Namikawa example shows. In fact consider the following localization near to any 
cusp p € Sing(X) 

(17) %:=4r\V 9 )<- ^ X 



■ 
U p :=Spec0 F ,/ ^X 

which induces the following commutative diagram between Kuranishi spaces 

(18) Def(X) ^— >■ Dei(U p ) 

P 

Dcf (X) -^*. Def (U p ) Si T 1 

where the horizontal maps are the natural localization maps while the vertical 
maps are injective maps induced by the resolution <fr (see [2 9) Propositions 1.8 
and 1.12, [15] Proposition (11.4)). Since dei(U p ) = 1 (see [19], Remark 2.8) then 
Im((5; oc ) C Tjj describes non-trivial local deformations of U p along which Exc(<f> p ), 



10 MICHELE ROSSI 

as in diagram (fT7j) . is not rigid. E.g. consider the following local deformation of 
the cusp (fT6|) 

(19) (X - U)(X + U) = (Y-V + a)(Y-eV + f3)(Y- e 2 V + 7) , 
where e = 1, and the following local resolution of the same singularity 

(20) m(X-U) = im>(Y-V) 

Vi(X + U) = u (Y-eV) 

H v = nivx(y - e 2 V) 
in C 4 (X, Y, U, V) x P 1 ^] x P 1 ^], which deforms along JTSJ as follows 

(21) pn(X-U) = iM>(Y-V + a) 
vi(X + U) = v o (Y-eV + 0) 

fioiso = i±\v x {Y - e 2 V + j) 

The singular locus of the generic fibre in (fT9")l is composed by the following three 
nodes 

(22) pi= (o.^.O.^f 

P2= (0,fe0,^y) 

While the exceptional fibre Exc((j> p ) of PD|) over the cusp (fTrJj) is described by the 
closed subset {/^o^o = 0} C P 1 ^] X P 1 ^], giving a couple of P^s meeting in a point, 
the exceptional fibre of (l2Tj) over the node j)j is given by 

{fi vo = fe(a,/3,7)Mi^i} C P x [m] X P>] for j = 1 , 

{^0 = 0} C P 1 [/i] x P 1 [1/] for j = 2 , 

{^o = 0} CP'M xP 1 ^] forj = 3, 

where fe(a, (3, 7) is the evaluation of (Y— e 2 V+j) overpi. Then the exceptional locus 
Exc(4> p ) over the cusp (|TB)) has been locally deformed to a tern of P-'-'s although (|2"0")) 
factors through a partial nodal resolution of (|16[) . giving a local counterexample to 
Theorem [2^1 

Remark 3.3. Non-trivial resolutions of X in the statement of Theorem 12.41 means 
that none of the birational morphisms in diagram (1101) is an isomorphism. In fact, 
on the one hand, if either <j) or ip is an isomorphisms there is nothing to prove. On 
the other hand if 7 is an isomorphism the construction in (|13[) trivializes and a 
commutative diagram like (jllj) can no more be obtained. 

Remark 3.4. Let us briefly discuss the surjectivity hypothesis for the morphism 

given in the statement of Theorem 12.41 It is just a technical hypothesis needed 
to construct the key-map S. It could be dropped if we were able to exhibit a 
well defined map r : T\ — > T\- ^ n f ac * m this case we would immediately get 
5 := t o 8f oc and diagram (fTT|) would then follow, without need of constructing the 
map tp . Unfortunately [29| and (15j cannot be applied to guarantee the existence 
of t, as it was done to construct maps o~f oc ,5* c , since we are in presence of a not 
necessarily proper map between the underlying Kuranishi spaces. 
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Remark 3.5. Let us point out a nice consequence of the previous Lemma l2.3l In the 
same hypothesis as above, the Leray spectral sequence of <^*0z gives the following 
exact sequence: 

(23) 

o — ► h\q x ) — ^H\e z ) — ^H°(R 1 ^e z )^^H 2 (e x ) — -# 2 (e z ) 

where d 2 : H a (R 1 Lp tf Q z ) = E 2 A — > H 2 {Q X ) = E 2 ° is the differential d 2 of 
the Leray spectral sequence. Notice that the if dim(Exc(<£>)) < 1 then the last 
map E 2 ' — H 2 (<d x ) — > H 2 (Q Z ) is surjective, since R 1 tp*O z is supported over 
Sing(X) and R 2 <p*O z = giving 

= H\R 1 ^e z ) = E 1 2 > 1 =* Eg = 0, 

= H°(R 2 ^Q z ) = E° 2 ' 2 =» ^ 2 = o. 

Then maps defined in Lcmma l2.3l split the exact sequence (|23p in the following two 
splitting short exact sequences 

y 

^H^Bx) ^H^Oz) ^kerd 2 ^0 

^Imrf 2 — ^H 2 (e x )^ = ^H 2 (e z )-^o 

where (*) refers to the case dim(Exc(y)) < 1. Then we get the following conclusion: 

• let X be a normal compact n-dimensional variety with rational isolated 

singularities and Z — > X be a small (partial) resolution of X and consider 

E 2 ' — h- E 2 ' in the Leray spectral sequence of ip*<d z ; then there exist 
natural decompositions on the cohomology ofQ z : 

(24) H\Z,e z ) = H 1 (X,Qx)®kerd 2 

(25) if dim(Exc(tp)) < 1 then H 2 (X,S X ) = Imd 2 ® H 2 (Z,O z ) . 

In particular (|25p is always true when X is a compact threefold with isolated 
rational singularities, since if is a small resolution. 

3.3. An application. Let us recall that a geometric transition (g.t.) between two 
Calabi-Yau threefolds X,X is the process T(X,X,X) obtained by "composing" 
a birational contraction <f> : X — > X to a normal threefold X, with a complex 
smoothing of X admitting X as a smooth fibre (see [24], Definition 1.4). If the 
normal intermediate threefold X has only nodal singularities then the considered 
g.t. is called a conifold transition. The interest in g.t.s goes back to the ideas 
of H. Clemens [5] and M. Reid [23] which gave rise to the so called Calabi-Yau 
Web Conjecture (see also [8] for a revised and more recent version) stating that 
(more or less) all Calabi-Yau threefolds can be connected to each other by means 
of a chain of g.t.s, giving a sort of (unexpected) "connectedness" of the Calabi-Yau 
threefolds moduli space. There is also a considerable physical interest in g.t.s owing 
to the fact that they connect topologically distinct models of Calabi-Yau vacua: 
the physical version of the Calabi-Yau Web Conjecture is a sort of (in this case 
expected) "uniqueness" of a space-time model for supersymmetric string theories 
(see e.g. p] and references therein). Although a conifold transition is quite well 
known both mathematically, as a topological surgery after H. Clemens [2], and 
physically, as a black hole condensation after A. Strominger [28] , the geometry and 
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physics of a general g.t. can be very intricate and actually not understood at all 
(see [25] for some partial result). 

Let us say that two g.t.s are deformation equivalent (def-equivalent) if their 
birational contractions are connected by a morphism deformation in the sense of 
[22) . generalizing the same notion between algebraic surfaces, introduced in [5]. For 
a g.t. T(X,X, X) to be def-equivalent to a conifold transition gives rise to strong 
consequences both mathematically and physically. In particular the Strominger 
interpretation of a conifold transition can be smoothly extended to T(X, X, X). 
One can ask if a g.t. is always def-equivalent to a conifold transition. Unfortunately 
this is not the case: in fact Theorem 12.41 ensures that if the birational contraction 
4> : X — > X admits a non-trivial factorization through a nodal threefold Z, then 
<j> can't be deformed to the contraction of disjoint (— 1, —1)— curves. A concrete 
example can be obtained by letting X be the Namikawa's fibred product previously 
described in 13.11 whose resolution X, given in Proposition 13.11 turns out to be a 
Calabi-Yau threefold (see the Example in the Introduction of [H]). If X is a general 
bi-cubic in P 2 x P 2 giving a smoothing of X then the g.t. T(X,X,X) cannot be 
def-equivalent to a conifold transition. 
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